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Block entanglement entropy of ground states with long-range magnetic order

Wenxin Ding, Nicholas E. Bonesteel, and Kun Yang
NHMFL and Department of Physics, Florida State University, Tallahassee, Florida 32306, USA
(Received 18 March 2008; published 12 May 2008)

In this paper we calculate the block entanglement entropies of spin models whose ground states have perfect
antiferromagnetic or ferromagnetic long-range order. In the latter case the definition of entanglement entropy is
extended to properly take into account the ground state degeneracy. We find in both cases the entropy grows
logarithmically with the block size. Implication of our results on states with general long-range order will be

discussed.
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I. INTRODUCTION

Entanglement is the hallmark as well as the most counter-
intuitive feature of quantum mechanics. Among various
ways to quantify entanglement, bipartite block entanglement
entropy emerged as a concept of central importance in quan-
tum information science [1], and has been receiving growing
attention in other branches of physics recently. For example,
it was suggested to be a possible source of black hole en-
tropy [2,3]. In condensed matter or many-body physics, the
entanglement entropy has been increasingly used as a very
useful and in some cases indispensable way to characterize
phases and phase transitions, especially in strongly corre-
lated phases [4]. In this context the most important result is
perhaps the so-called area law [2-4], which states that in the
thermodynamic limit, the entropy should be proportional to
the area of the boundary that divides the system into two
blocks. There are a few very important examples [4-6] in
which the area law is violated, most of which involve quan-
tum criticality [6]; the specific manner with which the area
law is violated is tied to certain universal properties of the
phase or critical point. In some other cases, important infor-
mation about the phase can be revealed by studying the lead-
ing correction to the area law [7-9]; for example, this is the
case for topologically ordered phases [7,8].

Comparatively there have been relatively few studies of
the behavior of entanglement entropy in states with tradi-
tional long-range order [10-12]. This is perhaps because of
the expectation that ordered states can be well-described by
mean-field theory, and in mean-field theory the states reduce
to simple product states that have no entanglement. In par-
ticular in the limit of perfect long-range order the mean-field
theory becomes “exact,” and the entanglement entropy
should vanish. In this paper we will show that this is not the
case, and interesting entanglement exists in states with per-
fect long-range order. We will study two exactly solvable
spin-1/2 models: (i) An unfrustrated antiferromagnet with in-
finite range (or constant) antiferromagnetic (AFM) interac-
tion between spins in opposite sublattices, and ferromagnetic
(FM) interaction between spins in the same sublattice; and
(ii) an ordinary spin-1/2 ferromagnet with arbitrary FM in-
teraction among the spins [13]. While the ground states have
perfect long-range order for both models, we show that they
both have nonzero entanglement entropy that grows logarith-
mically with the size of the subsystem.
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The paper is organized as follows. In Sec. II we introduce
the model (i) and present its exact solution. In Sec. IIT we
calculate the reduced density matrix of a subsystem to obtain
the exact expression of the entanglement entropy for model
(i). Based on those results, in Sec. IV we study the scaling
behavior of the entropy as the system size tends to infinity
under two different partition limits and compare it with nu-
merical calculations. Section V is devoted to model (ii). Fi-
nally, in Sec. VI we summarize and discuss the results of this
paper. Some mathematical definitions, notations, and details
are given in the appendixes.

II. ANTIFERROMAGNETIC SPIN MODEL AND GROUND
STATE

We consider a lattice model composed of two sublattices
interpenetrating each other as in Fig. 1, with interaction of
infinite range, i.e., every spin interacts with all the other
spins in the system, with interaction strength independent of
the distance between the spins. Within each sublattice, the
interaction is ferromagnetic, and between the sublattices the
interaction is antiferromagnetic; as a result there is no frus-
tration. The Hamiltonian is written as

Hz_JAZ SlSj_‘]BE Sl"Sj+J() 2 Si'S', (1)

ijEA ijEB i€AjEB

with J,,J5,J,>0. The ground state of Eq. (1) can be solved
in the following manner [15]. Let

SA= E Si,

i€EA

Sp= E S

titi=titi-tit

FIG. 1. Two-sublattice model: two sublattices labeled A and B
interpenetrating each other.
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S = SA + SB,
then the Hamiltonian can be written as

Hz—JASi_JBSIZ;'fJ()SA'SB

Ji
== 1S3~ IS+ (82 =81 - 5}). @)

Since [S,H]=[S4,H]=[Ss,H]=0, eigenstates of H can be
chosen to be simultaneous eigenstates of S2, Sz, and SZ, with
angular momentum eigenvalues S, S,, and S, respectively,
such that the energy eigenvalue is

J J J
EOS(S+ 1) - (JA + 5°>SA(SA +1)- (JB+ EO)SB(SB+ 1).

3)

To minimize the energy, we must first maximize S, and Sp,
L. . Ny Np
and then minimize S, i.e., S=|S,—S, ,Sa=> ,Sg=- . Here

N, and Ny represent the number of corresponding sublattice
sites. Physically this means that spins in the same sublattice
are all parallel to each other, while spins in opposite sublat-
tices are antiparallel. Thus the ground state is

m> . (4)

In this paper we only consider the simplest case with N,
=Np=N, thus the total system size is 2N. Then the ground
state is reduced to an antiferromagnetic ground state which
has zero total spin,

Na _Np

SiSp:Sm) =
|ABm> > 2

Na Ng,
52’

1SS 3 Sm) ‘NNOO (5)
;Smy=|=-:00 ).
AXB )

This ground state has perfect Neel order, as manifested by
the spin-spin correlation function,

1
<Sl~-Sj>=Z, i,jEA or i,jEB; (6a)
11 1 .
(S,--Sj)=—Z—HVH—Z, i€EA and jEB. (6b)
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FIG. 2. Bipartite division of the system. We divide the system
spatially into two parts and label them subsystem 1 and subsystem
2, respectively. One of the main tasks of this paper is to evaluate the
entanglement entropy between these two parts.

III. REDUCED DENSITY MATRIX AND ENTANGLEMENT
ENTROPY

We divide the system spatially into two subsystems which
are labeled 1 and 2, respectively, as shown in Fig. 2, and
study the ground state entanglement entropy E between these
two subsystems. E is defined to be the von Neumann entropy
of either of the subsystems, E; or E,, which can be calcu-
lated from the reduced density matrix,

E=E;=E;=—tr(p; In p;) =—tr(p, In p,), (7)

where p; is the reduced density matrix of the subsystem 1,
obtained from the density matrix p=|55;00)(55 ;00| of the
whole system by tracing out degrees of freedom of the other
subsystem, p;=tr(p), and vice versa.

To solve for the explicit form of the reduced density ma-
trix, we proceed as follows. First, we further decompose the
system into four parts, SA]’ SAz’ SBI’ SBz’ with

SAI = EiEA/\iEI Sis SAz = EiEA/\iEZ Sis

Sp, = EiEB/\iEI Si  Sp,= ZiEBAiEZ S;. (8)
Therefore, these operators satisfy the following relations:
SA=SA1+SA2’ SB=SBl+SBZ;
S1=SA1+SBI’ SZ=SA2+SBZ' (9)

Here we note that, as discussed in the previous section, the
spin state within each sublattice is ferromagnetic. This means
that not only must the total spin quantum numbers of S, and
Sp take their maximum values, but the total spin quantum
numbers of S Ay S Ay S By and S p, must also take their
maximum values. More importantly, these values are thus
fixed, which enables us to treat the operators S 40 S Ay S By
and S B, as four single spins, and in what follows we shall
denote these operators by their corresponding spin quantum
numbers. The problem is then that we are given a four spin
state in which the spins S, 4, and S, are combined into a state
with total spin S, and the spins S B, and S B, are combined in
a state with total spin Sg, and then these two states are com-
bined into a total singlet (resulting in the ground state of our
long-range AFM model), and we must express this state in a
basis in which the spins S A, and S B, are combined into a state
with total spin S; and S A, and S p, are combined into a state
with total spin S,. This change of basis involves the familiar
LS-jj coupling scheme.
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We proceed by first rewriting the density matrix describing the ground state in terms of the basis states |S;m,S,m,) by
appropriate insertions of the unit operator

E |SlmlS2m2><SlmlSZm2

SymySymy

s

NN NN
p= |SASB;Sm><SASB;Sm| = 55,00 ——:00

= E |51m152m2><51m152m2|SA53;Sm><SASB;Sm| E |S{m{Sémé><SimiS§mé|

Symy

Sim)
e s
= 2 NsunsymNgimrsm | SimiSamo)(SimiSims|, (10)
Slm152m2 17172772
SimiSémé
where g 5., =(S 111S>m5 |S,Sg;Sm). We then insert another unit operator
2 18185:80M)(S S, SoM|
SoM
to express this matrix element as the product of a Clebsch-Gordan coefficient and an LS-jj coupling coefficient [16],
Sa, S, S,
(S, Sym,| SpS 3 Sm) = > (S1m1S2mo|S 15,8 6M)(S1S,S0M |S 4 S pS) = 5sos5ml+m2,m5M,m<Slm152m2|51525m> Sa, Sp, S,
So.M
0 Sy Sz S
(11)
|
Here In the following calculation, for consistency, we adopt the
convention of Wigner 6-j and 9-j symbols, the definitions of
which, and the relation to the Racah coefficients and LS-jj
Sa, Sp, S coupling coefficients (or X coefficients), are given in Appen-
Ay PBy, 92 . . , . .
Following Wigner’s convention, Eq. (13) can be written
Sy Sg S as

is the LS-jj coupling coefficient or X coefficient defined as Aoy = a I)Sl_ml\x”(2S1 D28, + D2S,+ 1)

. Sa Sp, S,
Ly sy Jy ! !
L5y Jo | =lilos15LSIMIL s Lsyj1joIM) . (12) X\ Say S, S (14)
L s J Sa Sp S

Since S=m=0, we have S§,=S,, my=-m,. So In our case S=0, so the 9-j symbol can be expressed more

(Sm, ;S2m2|51S2;5m>=;L;SL:’ and for simplicity, we can simply in terms of a 6-j symbol [18] (see also Appendix B),
V&2

now suppress the S, and m, indices and represent Ag

by )‘51'"1 without causing any ambiguity. Therefore

11185

a b ¢
d e [ |=8p8u(- 1) 8(2c+ 1)]"?
(= DSim Say Say S g 0
Ngpy = ———=|S, Sz s, | (13) b
ST s e | TR x(2g+1)2[C 7 . (15)
S, Sz S e d g
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In our particular case, within each sublattice, the state is
ferromagnetic, S A=g .S B=g. Let 2N, be the size (number of
lattice sites) of subsystem 1. Without losing any generality,
we can let Ny=N. Applying Eq. (15) we then have

N-N, N-N,
2 ;S
N = (= 1SN+ 1
Spomy ( ) \( ) ]& & ]l/
2 2 2
(16)
|
W(abcd,a + b, f)

(2a) ! (2b)!

(a+b+c-d)!(a+b+d-c)!!
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Using a symmetry property of the Racah coefficients [17]
W(abcd;ef)=W(achd;fe), we have

T
=z
|=
| =

— 2 2
)\S]ml = (_ l)Sl_le(N+ 1)

(17)

Then we employ the following relation [17]:

(c+f—a)!(d+f—b)(a+b+c+d+1)!]”2

- (2a+2b+1) ! (c+d-a=-b)(a+f-c)!(a+c+f+ 1) (b+d=f)! b+f-d)! (b+f+d+1)!(a+c—))!

This gives

(N+1)(N=N)) ! N,!

(18)

)\Sl,m] = (_ l)sl_ml

Now with the expression above, we can directly trace out
the degrees of freedom in subsystem 2 from Eq. (10), with
the result

pr=trgy(p) = 20 N o P1S1m (S iy (20)

Symy

The bipartite entanglement entropy between subsystems 1
and 2 is then given by

E=E =- 2 N m, PN [2)- (21)

Sp.my

Here we note that, although Ag ,, is written with an explicit
m; dependence, the actual expression is independent of m;.
As a result, we can eliminate the summation over m; from
Eq. (21) by multiplying by a factor of 28,+ 1. The final ex-
pression for the entanglement entropy is then

E=E =-2 (25 + DN PN ). (22)
S

In the following section we will first derive the asymptotic
behavior of the entanglement entropy E in certain limits

(N=N,) ! N,! }1’2 (19)

(N=N,=S) ! (N=N,+S;+ DI (N, =S) ! (N, + S, + 1)!

using the exact results above and then present the results of
our numerical calculation of E with finite system sizes.

IV. ASYMPTOTIC BEHAVIOR AND ENTANGLEMENT
ENTROPY

In this section we consider two limiting cases.

(i) N;=N,=N, this case gives the saturated entropy at
fixed N since intuitively E should increase with the sub-
system size.

(ii) 1< N[ <N, in this limit we are considering system’s
entanglement with its (much larger) environment, and ge-
nerically we should be able to find that the entropy should be
independent of the total system size as N— o0, which is in-
deed what we find.

To obtain the asymptotic behavior of the entanglement
entropy, we first consider the asymptotic behavior of A Sym, in
the large N limit. Then the summation over §; which runs
from 0 to N/2 in Eq. (22) is replaced by an integral. As we
will see, the distribution of N m, is proportional to a Gauss-
ian function with respect to S, thus the bounds of integration
can be extended from 0 to +.

Our concern is the distribution of A S,m, with respect to S,
therefore we extract the dependence on S; and then use the
normalization condition 251,,11>\§1m|:251(2sl+1)>\§1m|:1 to
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obtain the normalization constant. From Eq. (19) we can
write

PHYSICAL REVIEW A 77, 052109 (2008)

2 (ZNI)' (2N-2N1)' —SZ/N —52/(N—N )
Sm, ~ e I v, (23)
M (N =S (N+ S+ DI (N=N; = S) ! (N=N; + S, + 1)!
|
This approximation is generally good as long as both N; and N1 77(1 _ _1)
N—N; are large. In our work, N> 1, and N, is assumed to be E=1In|N,|1- S N
%V (equal partition) or N> N;> 1, so this criteria is satisfied N 2 Ny
quite well in both cases. Then by the normalization condition N,
N a1 oML {1-%)
D AQS + l)e"S%(”(N‘N')*”N') R N " 2 N,
N
' N, N
°° ) =InN-—+0 . (29)
= f AQ2S) + 1)e SIVW=-NHINDgg = 1 (24) N N
0
M

e obtain the (inverse) precoefficient i:(N,—ﬁ

\/ v N])N] ). Therefore

1 2 2
7\2 - eSUNSSTIN-ND (25
mn N m(N=-N)N,
TN S
The entanglement entropy is therefore given by
E= _f AQS, + l)e—sf(l/(N—Nl)H/Nl)
0
Xln(Ae—Sf(l/(N—N,)+1/N,))dSl
N2 [m(N - NN
ln(Nl l Q) . (26)
N 2 N

A. Equal partition

Here for simplicity we set N even (note that the total
system size is 2N), thus N;=N,=N/2, and Al:i(N+ VN,
then

2 4 45N
b

m (27)
Sim N+ \'/IWT

and the entanglement entropy becomes

N 1 —
E=11’1(Z+Z\'7TN) =InN-In4=1InN-1.386 29.

(28)

Compared with our numerical result, as shown in Fig. 3, we
see that they agree very well, not only for the prefactor of the
In N dependence, but the intersection coefficient as well.

B. Unequal partition

In this case, | <N;<<N, we can expand the entropy as
follows:

From this expression we see that when the assumed condi-
tion is satisfied the entropy indeed depends only on the sub-
system size to leading order. To check to what extent our
approximation is still valid, we plot the expression as a func-
tion of total system size N with different subsystem size Ny,
as shown in Fig. 4. This figure shows that when N is large
enough the entropy becomes independent of N, and the first
order term, In N; dominates except for an apparently con-
stant shift from the exact curve. We have also plotted the
asymptotic behavior as a function of N; while keeping N
fixed, shown in Fig. 5.

= Numerical Calculation
a 8 Asymptotic Behavior 1
[e) =InN - In4
b 1) Fit line for Numerical Calculation
e - - i
o 6 E =0.99983 InN-1.0227
+—
[
= A
Q .
e 24 1
© X
- L
[
w0 4
T T T T T T T
10 100 1000 10000

N

FIG. 3. (Color online) Comparison of asymptotic behavior
(black solid line) and exact numerical calculation (scattered points)
of entanglement entropy E. Exact calculation of E for the equal
partition case is compared with the asymptotic behavior we derived
in the text up to N=10 000. Results obtained from these two meth-
ods agree well. Our approximation of the asymptotic behavior gives
E=In(N)-1.386 29, compared with the best fit line (red dashed
line) £=0.999 83 In N-1.0227.
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FIG. 4. (Color online) Comparison of asymptotic behavior
(solid line) and exact numerical calculation (scattered points) of
entanglement entropy E. As total system size N increases, E tends
to a constant for a fixed subsystem size Ny, as expected. The dif-
ference between them increases as the subsystem size increases, as
the condition 1 <<N;<<N/2 gets less satisfied.

V. FERROMAGNETIC MODEL AND ITS ENTANGLEMENT
ENTROPY

In this section we consider a ferromagnetic (FM) spin-1/2
model on an arbitrary lattice with N sites,
H:_EJ[/'S['S/'» (30)

i#j

with J;;>0. The ground state is the fully magnetized state
|SM) with S=N/2 and M=-S,-S+1,...,S, and is clearly
long-range ordered: (S;-S;)=1/4. However, there is a crucial
difference between the FM ground state and the AFM ground

12 : : x x
| * Numerical Calculation
104 Asymptotic Behavior : E=In N |
3 | Best Fit: 0.61435+0.93753 InN
8 84l Asymptotic Behavior .
E || with Correction: E =In Nl - Nl/N
+ 6 ]
c J
[}
£ 44 e 1
[e]0] x X
c 2- < :
© x g
E 1 o -
w 0+ .
T T T T
1 10 100 1000 10000
N

1

FIG. 5. (Color online) Asymptotic behavior of entanglement en-
tropy E as a function of N; with N fixed (solid blue line). Here N
=10 000. Compare it with the scattered points, which are a exact
numerical calculation of E. We find the asymptotic behavior is ac-
curate until N; becomes comparable to N. We also plot the
asymptotic behavior with a first order correction (dashed light green
line) which exhibits the correct tail effect when N, becomes com-
parable with N.
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state studied earlier: the FM ground state has a finite degen-
eracy, and thus the system exhibits a nonzero entropy even at
zero temperature, Ep=In(2S+1)=In(N+1), resulting from
the density matrix of the entire system,

N
p= ﬁMES |SM)(sM|
10
LS oo
—mMES|SM><SM|—T 01 0
0 1

(31

In this case the entanglement entropy between two sub-
systems (1 and 2) is defined in the following manner. We first
obtain reduced density matrices for subsystems 1 and 2 by
tracing out degrees of freedom in 2 and 1 from p:

S N

1 1
pi=trpp=—" 2 tr<2>(|SM><SM|) =— E Piuts
S 1 S
=t = t; SM)XSM|) = —— s
pr=UHp= N 2 r(l)(| X |) N+ lMES Pom

(32)

and calculate from them the entropy of the subsystems, E|;
and E,. The entanglement entropy is defined as [20]

EZ(E] +E2—E0)/2. (33)
For the present case E; and E, can be easily obtained from
the following observations. (i) Because the total spin is fully
magnetized, so are those in the subsystems: S;=N,;/2 and
S,=N,/2. Thus this is a two-spin entanglement problem. (ii)
Because the total density matrix p is proportional to the iden-
tity matrix in the ground state subspace, it is invariant under
an arbitrary rotation in this subspace. (iii) As a result the
reduced density matrix p; is also invariant under rotation in
the subspace of subsystem 1 with S;=N,/2, and is propor-
tional to the identity matrix in this subspace. Thus

| N2 N, N,
P1 M, M,
N, + lMl__N nl 2 2
1 0
. 01 0
= 01 0 , (34)
N+1 )
0 1

and E,=In(N,+1) (in agreement with Ref. [14]). Similarly
E2:ln(N2+ 1) Thus
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E=[In(N; +1) +In(N, + 1) = In(N + 1)]/2. (35)

We find in both the equal partition (N;=N,=N/2, here again
we set N even for simplicity) and unequal partition (N,
<N,=N-N,) limits, the entropy grows logarithmically with
subsystem size N,

1
lim £ — —In(N,). (36)

NlHoo 2

VI. CONCLUDING REMARKS

In this paper we have studied antiferromagnetic (AFM)
and ferromagnetic (FM) spin models with perfect long-range
magnetic order in their ground states and calculated the
ground state block entanglement entropy when the system is
divided into two subsystems (or blocks). In both cases we
find the entropy grows logarithmically with block size. In the
following we discuss the significance of our results.

First of all, there is entanglement, despite the perfect
long-range order in the ground state. This is somewhat sur-
prising as one might think that in such Hamiltonians one can
obtain certain properties of the system exactly using mean-
field theory, in which the ground state is approximated by a
product state with no entanglement. Our results indicate that
mean-field approximation is not appropriate for entangle-
ment calculation, even if it is “exact” for other purposes.
This point is particularly striking for the AFM model, in
which the ground state is unique. The source of the discrep-
ancy is there still is quantum fluctuations even in such a
model with super long-range interaction, which renders the
ground state a singlet, even though quantum fluctuation does
not reduce the size of the order parameter. The entanglement
is due to the quantum fluctuation of the direction of the order
parameter, which is a collective mode with zero wave vector
(or a zero mode); this is missed by any mean-field approxi-
mation.

Second, the entropy does not obey the area law. The rea-
sons for that are different for the two cases we studied. In the
AFM model, the interaction does not depend on distance in
the Hamiltonian, thus there is no notion of distance or area in
this model. In the FM model, on the other hand, the ground
state is independent of the Hamiltonian, as long as all inter-
actions are FM. The fully magnetized ground states are in-
variant under permutation of spins, thus there is no notion of
distance or area in the ground states, even though the terms
in Hamiltonian can have distance dependence.

Third, the absence of an area law is special to the cases
we studied, again each in their own ways. For the FM model,
it is specific to zero temperature. As soon as a finite tempera-
ture is turned on, one expects the entanglement entropy (or
mutual information) to grow with the area separating the two
subsystems or blocks, as long as the interaction is not long-
ranged [22]. For the AFM model at zero temperature, we do
expect an area-law contribution to the entropy for short-
range or even certain power-law long-ranged interaction due
to quantum fluctuations. This is most easily seen within spin-
wave approximation, which is a version of mean-field theory.
Within the spin-wave approximation spins are mapped onto

PHYSICAL REVIEW A 77, 052109 (2008)

bosons, and the Hamiltonian is mapped onto coupled har-
monic oscillators. Detailed recent studies have established
the area law of entanglement for such systems [4]. In this
regard the super long-range AFM model we study here is
very special in that all spin-wave degrees of freedom at finite
wave vector disappear, and the only degrees of freedom con-
tributing to the ground state are zero wave-vector modes rep-
resented by S, and Sy [15]; as a result there is no area-law
contribution from quantum fluctuations of spin waves.

We conclude by speculating that in the more general cases
that do have an area-law contribution to the entanglement
entropy, as long as long-range spin order is present, the loga-
rithmic contribution due to fluctuations of the order param-
eter zero modes we find here will remain and show up as a
subleading (yet singular) correction to the area law. If that is
the case, then conventional long-range order contributes to
the entanglement entropy in a way similar to the much sub-
tler topological order [7,8] or quantum criticality [9].
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APPENDIX A
6-j symbol and Racah coefficient:
Ji J2 I it Sl s 7
. = (= YW jad 33T 120 23)
J3 J Jx
= (= /232, + 1)
X (2055 + DIy, 0053

Ji2:j3:0),
(A1)
where J, and J,; refer to the coupling of j; and j, or j, and

J3» respectively.
9-j symbol and LS-jj coupling coefficient:

a b c
d e f|=[Qc+D2f+1DQg+1]"?
g h i
a b c
XQh+1)"d e f
g h i

=[Qc+DR2f+1)2g+1)
X (2h+ 1)V {(ab)c,(de)f;i

(ad)g,(bc)h;i).
(A2)

APPENDIX B

In this appendix we give a slightly simplified derivation
of the entanglement entropy for the singlet ground state of
the infinite-range AFM model defined in Sec. II. While this
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derivation is not as general as that given in the main text
(which can, in principle, be applied to states with nonzero
total spin), it has the advantage of clarifying the reason for
the appearance of the Wigner 6-j symbol in the final result
for the entanglement entropy.

Following the notation of Secs. II and III, we consider the
case of 2N spin-1/2 particles divided equally into two sub-
lattices A and B. The spins on each sublattice are taken to be
fully polarized, so that Sy=N/2 and Sz=N/2. In what fol-
lows we will use a notation in which, for example, the state
for which the spins S, and Sy form a singlet is represented as
(S4,55)o. In this notation, pairs of spins contained within a
set of parenthesis form a state whose total spin is equal to the
subscript labeling the parenthesis. Thus (S,,Sp), is a singlet
state equivalent to the state defined in Eq. (5) in Sec. IL
(Needless to say, for this state to exist it is necessary to have
S4=S3.)

Now we consider what happens if these spins are divided
into two different subsystems labeled 1 and 2. Following
Sec. II, if Sa, is the total spin quantum number of the A
sublattice spins in subsystem i=1,2, and S B, is the total spin
quantum number of the B sublattice spins in subsystem i
=1,2, then the state of the spins on the A sublattice can be
written (Sy,,S,,)s, and the state of the spins on the B sub-
lattice can be written (Sp ,Sp,)s,. The total singlet state for
the entire system, |¢), can then be expressed as

|’//> = ((SAlsSAz)SA’(SBl’SBz)SB)O~ (B1)
Note that we have not included the m quantum numbers
associated with the z components of S, and S in writing the
above expression for |#). This is not necessary because the
requirement that the total spin of the two sublattices combine
to form a singlet uniquely determines the state. It should, of
course, always be understood that when we write Eq. (B1)
what is really meant (in obvious notation) is

S
1 A
Y= ———= 2 (= 1)"[(S4,S4)s,:m)
| 25yt L, | A4S,

® |(Sp,-S5,)s5,5—m)- (B2)
Equation (B2) effectively (up to irrelevant phase factors)
gives the Schmidt decomposition (see, e.g., [1]) of the state
|¢) into the two subsystems consisting of the A and B sub-
lattices. Given such a Schmidt decomposition it is straight-
forward to determine the entanglement between these two
subsystems. However, here we are interested not in the trivial
entanglement between subsystems A and B, but the entangle-
ment between subsystems 1 and 2. To find this we need the
Schmidt decomposition of |#) into subsystems 1 and 2.
Note that because |) is a total spin singlet it follows that
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|9y = ((S,+S4,)s,(S5,»S8,)s,)0 = (((SAI’SAZ)SAaSBz)SBIaSBl)O,
(B3)

where, for convenience, we have rearranged the order of the
spins on the right hand side. The key point here is that the
three spins S, , S4,, and Sp_ must be in a state which is a total
spin eigenstate with total spin Sp,- If this were not the case it
would be impossible to form a total spin singlet with the
remaining spin Sg,-

Next we use the Wigner 6j-symbol to express the three
spin state ((S Al’SAz)SA’SBz)SB, as a superposition of states of

the form (SAl’(SAz’SBz)Sz)SB,' The result is

((SAl’SAZ)SA’SBZ)SBI =(- 1)N2 YSZ(SA,’(SAszBz)SZ)SBI’
S
(B4)

where the coefficients are given by

/ SAI SAz Sy
'}/S2: \”(ZSA'F 1)(2S2+ 1) . (BS)
Ss, Ss, S,

(see Appendix A).

Rearranging the spins again, and using the fact that the
total spin of all four spins is 0, we can express the resulting
four spin basis states as follows:

((SAI’(SA29SBQ)S2)SBI’SBI)O = ((SAI,SBI)SI(SAZ,SBZ)SZ)O’
(B6)

where, obviously, S;=S,. We therefore conclude that

|l//> =(- I)NE 752((SA1sSBl)SZ’(SAZ’SBZ)SZ)O- (B7)
S

Finally, after writing the m sum explicitly [as in Eq. (B2)],
we have the desired Schmidt decomposition (again, up to
irrelevant phases) of the state |#) into subsystems 1 and 2,

s
|‘/’> =(- 1)N2 E (- l)m)\Sm|(SA|’SBl)S7m>

S m=-S

® |(SBZ3SA2)S’_ m>9 (BS)
where
—(Sa, Sa, S
)\sz \"25A+ 1( ! : A). (B9)
B, S, S,

When the values of S,=N/2, SAI:SBI:N1/2, and SA2:532
=(N-N,)/2 are substituted into this expression it can be
seen to be equivalent to that given in Eq. (16) in Sec. III. The
derivation of the entanglement entropy given in the main text
follows.
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