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ABSTRACT: Chemical potential is a fundamental property for
determining thermodynamic equilibria involving exchange of molecules,
such as between two phases of molecular systems. Previously, we
developed the fast Fourier transform (FFT)-based method for Modeling
Atomistic Protein-crowder interactions (FMAP) to calculate excess
chemical potentials according to the Widom insertion. Intermolecular
interaction energies were expressed as correlation functions and evaluated
via FFT. Here, we extend this method to calculate liquid−liquid phase
equilibria of macromolecular solutions. Chemical potentials are calculated
by FMAP over a wide range of molecular densities, and the condition for
coexistence of low- and high-density phases is determined by the Maxwell
equal-area rule. When benchmarked on Lennard-Jones ﬂuids, our method
produces an accurate phase diagram at 18% of the computational cost of
the current best method. Importantly, the gain in computational speed increases dramatically as the molecules become more
complex, leading to many orders of magnitude in speed up for atomistically represented proteins. We demonstrate the power of
FMAP by reporting the ﬁrst results for the liquid−liquid coexistence curve of γII-crystallin represented at the all-atom level. Our
method may thus open the door to accurate determination of phase equilibria for macromolecular mixtures such as protein−
protein mixtures and protein−RNA mixtures, that are known to undergo liquid−liquid phase separation, both in vitro and in
vivo.

■

aggregates,13,14 liquid−liquid phase separation is a serious
concern in the formulation of therapeutics based on highly
concentrated proteins such as monoclonal antibodies.15,16 A
practical method that allows for computation of liquid−liquid
phase equilibria under a realistic representation of intermolecular interactions will lead to the much needed physical
understanding of the phase behaviors of the wide range of
biomacromolecular systems and the numerous functional
implications.
Because of the vast number of atoms in a single protein
molecule and the large number of protein molecules to be
treated in phase-diagram calculations, such calculations with
proteins represented at the atomistic level have not been
feasible. Nearly all previous calculations were limited to a
spherical representation of protein molecules, such as isotropic,
patchy, and hybrid models,17−21 aeolotopic models,22 and
embedded charge modes.23 The limitations of spherical models
and importance of anisotropic electrostatic interactions have
been noted.24 In particular, a spherical model overestimated the
electrostatic repulsion of proteins when compared to that by a
structure-based model in which individual amino-acid residues

INTRODUCTION
Simple molecular ﬂuids have long served as models for studying
phase equilibria.1,2 The gas−liquid phase coexistence of these
ﬂuids is a prototype for the separation of two liquid phases in
colloidal and biomacromolecular solutions, one poor in solutes
and one rich in solutes.3 The latter phase, widely found in cells
as membraneless microcompartments and appearing as
droplets under light and other microscopes, is implicated in
many normal cellular functions as well as in diseases and has
received great attention lately.4−8 For example, droplet
formation of BuGZ, an evolutionarily conserved low-complexity
protein, promotes microtubule polymerization and the
assembly of the spindle apparatus during cell division to ensure
equal partitioning of chromosomes into daughter cells.9 The
low-complexity region of another protein, FUS, drives the
reversible transitions between the dissolved, droplet, and
hydrogel-like phases, but mutations increase the propensity of
FUS to form irreversible ﬁbrillar hydrogels and may ultimately
lead to neurodegenerative diseases.10 Many proteins that form
intracellular droplets bind RNA, and RNA molecules can either
be active components of the droplets or be present as
cargo.11,12 Liquid−liquid phase separation is also an important
factor in protein crystallization and in the formulation of
protein-based therapeutics. Whereas the presence of a
metastable ﬂuid−ﬂuid critical point can enhance crystal
nucleation and decrease the propensity of forming amorphous
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exp( −βμex ) = ⟨exp( −βUint)⟩N

were coarse-grained into interaction sites, and the discrepancy
worsens with increasing anisotropy in molecular shape and
charge.25 Arguably the most detailed model in protein-phase
calculations has all neutral residues collapsing into a sphere but
all charged residues represented as interaction sites.26 The
system size in this study was relatively small, with only 40
protein molecules in the simulations box. An atomistic
representation has been used in Brownian dynamics
simulations of concentrated protein solutions,27,28 but these
simulations have not been used for calculating phase equilibria.
We have developed a fast Fourier transform (FFT)-based
method for Modeling Atomistic Protein-crowder interactions
(FMAP) to calculate the excess chemical potential (μex) for
inserting a protein molecule into a crowded (i.e., concentrated)
solution of macromolecules.29,30 FMAP implements the
Widom insertion31 but with enormous gain in computational
speed arising from the key idea of expressing intermolecular
interactions as correlation functions and evaluating these
functions via FFT. Compared to that in a brute-force
implementation of the Widom insertion, FMAP produced
over 4 orders of magnitude in speed up for calculating excess
chemical potentials of atomistically represented proteins.29 We
further found that numerical errors arising from using relatively
large grid spacing in discretizing for FFT can be compensated
by modest adjustment of the interaction energy parameters;
therefore, accurate results can be achieved at low computational
cost.30 These features position FMAP well for calculating the
chemical potentials and phase equilibria of atomistically
represented protein solutions.
For simple molecular ﬂuids, Monte Carlo simulation is the
method of choice in phase calculations, which has resulted in a
detailed understanding of the phase behaviors of these systems.
A state of the art method, namely, grand canonical transition
matrix Monte Carlo (GCTMMC), produces a histogram of
particle numbers in a single simulation run at a ﬁxed chemical
potential (μ), volume (V), and temperature (T).1 With
appropriate reweighting, histograms of particle numbers at
other chemical potentials, in particular, the one corresponding
to phase coexistence, can be obtained.32 In this way, the phase
diagram can be constructed by repeating the simulations at
diﬀerent temperatures. In simulations of relatively large systems
of Lennard-Jones ﬂuids, metastable conﬁgurations such as
droplets near the gas phase, slabs near the critical density, and
bubbles near the liquid phase, have been observed.2
At coexistence, the chemical potentials of the two phases are
equal. Hence, calculating the chemical potentials constitutes a
conceptually simple route to calculating phase equilibria. The
chemical potential can be separated into an ideal part and
excess part

μ = μid + μex

where β = (kBT) , ⟨ ··· ⟩N denotes averaging over a simulation
at ﬁxed particle number N (thus mimicking the canonical
ensemble) and Uint is the interaction energy of a particle that is
ﬁctitiously inserted into the N-particle system. Hereafter, this
formulation of μex is referred to as EXP. Combinations of
particle insertion and deletion steps can improve the
convergence and robustness of μex.33−35 In the overlap
sampling (OS) method, one obtains μex as the free energy
diﬀerence between a half insertion step and half deletion step,34
exp( −βμex ) =

⟨exp( −βUint /2)⟩N
⟨exp(βUint /2)⟩N + 1

(4)

where Uint/2 in the numerator represents the energy for
inserting a “half” particle into the N-particle system and −Uint/2
in the denominator represents the energy for deleting a “half”
particle from the (N + 1)-particle system. In the Bennett
acceptance ratio (BAR) method,33−35 to minimize the variance
of the μex estimate, weights are introduced to the two
Boltzmann factors,
exp( −βμex ) =

⟨w(Uint) exp( −βUint /2)⟩N
⟨w(Uint) exp(βUint /2)⟩N + 1

(5)

where
w(Uint) = 1/cosh[β(Uint − C)/2]

(6)

and the parameter C therein is in turn related to μex, as well as
the number of insertion attempts, n0, and the number of
deletion attempts, n1
βC = βμex + ln(n1/n0)

(7)

Hence, eqs 5−7 have to be solved iteratively to ﬁnd μ .
Lomakin et al.17 and Vörtler et al.36 implemented the Widom
insertion (the EXP version) in Monte Carlo simulations of
square-well ﬂuids to obtain the chemical potentials at various
densities. The subcritical chemical potential versus density
isotherms were used to calculate the corresponding gas−liquid
coexistence densities and chemical potentials by means of the
Maxwell equal-area rule. This approach, although conceptually
straightforward, is not widely used in practice because of the
signiﬁcant computational expenses. In a brute-force implementation of the Widom insertion, most insertion attempts
encounter strong particle−particle repulsion and the chance
of inserting into the rare cavities large enough to accommodate
the inserted particle in a dense ﬂuid is extremely small, and yet
it is the latter insertions that make the dominant contribution
to the excess chemical potential.37 Recently, an eﬀort to speed
up the calculation by graphics processing units was reported.35
In FMAP, our FFT-based implementation of the Widom
insertion, we obtain Uint values for inserting a particle at all
points on a uniform grid covering the simulation box of the Nparticle system, thereby allowing for accurate calculation of μex.
Potentially, FMAP may hold a breakthrough for phaseequilibrium calculations.
In this paper, we demonstrate this potential of FMAP in a
proof-of-concept study of Lennard-Jones ﬂuids. In line with our
previous study,29 we ﬁnd that FMAP produces signiﬁcant speed
up for treating particle insertion, especially for large system
sizes. We combine the FMAP-enabled insertion with particle
deletion to calculate μex according to the OS and BAR methods.
We then use the Maxwell equal-area rule to locate the gas−
ex

(1)

The ideal part results from dispersion of the molecules in a
given volume
μid = kBT ln(ρ /ρ0 )

(3)

−1

(2)

where kB is Boltzmann’s constant, ρ is the molecule number
density, and ρ0 is an unimportant constant. The excess part
accounts for the intermolecular interactions and can be
obtained by free energy perturbation methods such as the
Widom insertion,31 particle deletion, and combinations thereof.
According to Widom’s original formulation,
8165

DOI: 10.1021/acs.jpcb.6b01607
J. Phys. Chem. B 2016, 120, 8164−8174

Article

The Journal of Physical Chemistry B
liquid coexistence condition. The resulting phase diagram
agrees very well with previous GCTMMC results38 but at only
18% of the computational cost.
We emphasize that, according to the McMillan and Mayer
theory of solutions,39 a macromolecular solution is equivalent
to a ﬂuid of the macromolecules alone when the interactions of
the latter molecules represent potentials of the mean force with
the solvent degrees of freedom averaged out. For example, the
expansion for osmotic pressure in powers of the solute
concentration is completely analogous to the virial expansion
of the pressure of a molecular ﬂuid. Similarly, the liquid−liquid
phase separation of a macromolecular solution is analogous to
the gas−liquid coexistence of a molecular ﬂuid.3 Therefore, in
exactly the same way as that for calculating gas−liquid phase
equilibria of molecular ﬂuids, the FMAP method can be applied
for calculating liquid−liquid phase equilibria of macromolecular
solutions, as long as interactions of solute molecules account
for the solvent implicitly.
Importantly, the FMAP-enabled gain in computational speed
in treating particle insertion increases drastically as the
molecules become more complex, leading to many orders of
magnitude in speed up for atomistically represented proteins.29,30 With the computational cost of particle insertion
reduced to a feasible range, even for atomistically represented
proteins, it is anticipated that conﬁgurational sampling of the
N-particle and (N + 1)-particle systems for a protein solution
may present a remaining obstacle. Although Brownian
dynamics simulations of such systems appear promising,27,28
it may well be that cruder treatments are necessary for more
exhaustive conﬁgurational sampling (e.g., to break up transient
clusters). To explore how conﬁgurations that cover the
conﬁgurational space fully but with inexact population impact
the accuracy of phase diagram calculations, we use simulations
run at a temperature above the critical temperature to generate
the whole phase diagram and ﬁnd that the EXP method,
involving only particle insertion, is more tolerant of
imperfection in the conﬁgurational population than the OS
and BAR methods. We apply the forgoing ideas to γII-crystallin
solutions, with the protein molecules represented at the allatom level, and report the ﬁrst such results for the liquid−liquid
coexistence curve. Together, these results suggest that FMAP
may open the door to accurate determination of phase
equilibria for macromolecular mixtures, such as protein−
protein mixtures and protein−RNA mixtures that are known
to undergo a liquid−liquid phase separation, both in vitro and
in vivo.

u(r ) = uLJ(r ) − uLJ(rc) − (r − rc)uLJ′(rc) for r ≤ rc

METHODS
Monte Carlo Simulations. We ran conventional Metropolis Monte Carlo simulations of Lennard-Jones ﬂuids in the
canonical ensemble (i.e., constant NVT) to generate particle
conﬁgurations for insertion and deletion. Each system started
with a prescribed number of particles on the grid points of a
cubic lattice. Rather than the full Lennard-Jones potential
⎡⎛ σ ⎞
⎛σ ⎞
uLJ(r ) = 4ε⎢⎜ ⎟ − ⎜ ⎟ ⎥
⎝r⎠ ⎦
⎣⎝ r ⎠

(9)

where rc denotes the cutoﬀ distance and a prime denotes a
derivative. The periodic boundary condition was applied and
treated by the minimum image convention. For simplicity, we
use reduced units, that is, σ = 1, ε = 1, and kB = 1. As a result, all
temperatures listed below are scaled by ε/kB, and all number
densities scaled by σ−3. The cutoﬀ distance chosen was 2.5; for
this choice, the reported critical temperature, Tc, was 0.937.40
The side length of the cubic simulation box was 8 in all of the
simulations. Simulations were run at six subcritical temperatures ranging from 0.65 to 0.90, at an increment of 0.05. At
each temperature, a total of 15 N-particle systems were
simulated for insertion, with N ranging from 30 to 450 (at an
increment of 30) and, correspondingly, the number density
ranging from 0.059 to 0.879. In parallel, the same number of (N
+ 1)-particle systems were simulated for deletion.
At each Monte Carlo simulation step, a particle was
randomly chosen for a trial move. The displacement of the
move in each direction was random, with a uniform distribution
limited to a maximum displacement of 1.2. The trial move was
accepted with the probability min[1,exp(−βΔUint)], where
ΔUint is the change, upon the trial move, in the interaction
energy of the chosen particle with the other particles in the
simulation box. The actual acceptance rates for the trial moves
ranged from 0.89 to 0.21 in the simulations at low and high
densities. For each system, 2 million steps were used for
equilibration; the average interaction energy per particle
reached equilibrium over a much smaller number of steps.
Afterwards, 20 million steps were used for collecting
conﬁgurations for particle insertion and deletion.
Brute-Force Insertion and Deletion. Conﬁgurations were
collected at intervals of 10 000 steps from the simulations of the
N-particle and (N + 1)-particle systems for insertion and
deletion, respectively. For brute-force insertion (referred to as
Ins hereafter), a particle was randomly placed into any location
in the simulation box and its interaction energy with the N
particles was calculated. In each of the 2000 conﬁgurations
collected, a total of 512 000 (see below) ﬁctitious insertions
were made. For deletion, a particle was randomly selected and
its interaction energy with the other N particles was calculated.
In each of the 2000 conﬁgurations, 10 000 ﬁctitious deletions
(equivalent to one deletion per Monte Carlo simulation step)
were made.
FMAP-Enabled Insertion. The same 2000 snapshots
collected for each system were used for FMAP-enabled
insertion. In FMAP, the interaction energy of the inserted
particle with the N-particle system is expressed as a correlation
function.29,30 For the present case, if the inserted particle is
located at r and the N particles are located at ri, i = 1−N, then
the interaction energy is

■

12

for r > rc

=0

N

Uint(r) =

6⎤

∑ u(|r − ri|)

(10a)

i=1
N

(8)

=

∫

d3su(|s − r|)∑ δ(s − ri)

(10b)

i=1

where r, σ, and ε denote the interparticle distance, particle
diameter, and energy well depth, respectively, we used a shiftedforce form

≡ u(r ) × q(r)

(10c)
(10)
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which is akin to the interaction of an “electric” potential ﬁeld,
u(r), with an “electric” charge distribution, q(r). Equation 10
highlights the fact that the interaction energy is expressed as a
cross correlation of u(r) and q(r). Both of the latter functions
are discretized on a cubic grid, and their correlation is evaluated
via FFT, according to the well-known theorem that the
correlation of two functions in direct space corresponds to the
product of the two functions in Fourier space.
The discretization of u(r) is straightforward, whereas the
discretization of q(r) entails “distributing” the Lennard-Jones
particles (represented by the delta functions in eq 10) to the
grid points. Following our previous work,29,30 each LennardJones particle was distributed to the eight grid points forming
the smallest enclosing cube, with weights according to trilinear
interpolation. The discretization incurs numerical errors. Again,
following earlier work,30 these errors were corrected by scaling
the parameters of the energy function. Speciﬁcally, ε was scaled
by a factor λ, and simultaneously, σ was scaled by the factor 6/
(λ + 5). For the grid spacing of 0.1 used, benchmarking against
results from brute-force insertion allowed us to determine the
appropriate λ value to be 1.06.
The discretization of u(r) was done once and its Fourier
transform used for all 2000 conﬁgurations of each system. For
each conﬁguration, the discretized version of q(r) was Fourier
transformed, and the product of the two Fourier transforms was
then transformed back to direct space. The results are the
values of Uint(r) at all 803 = 512 000 grid points. In other
words, each FMAP-enabled insertion calculation is equivalent
to brute-force insertions into 512 000 locations.
Excess Chemical Potential Calculations. The interaction
energies from insertion (either Ins or FMAP-enabled) and
deletion were used to calculate the excess chemical potential
according to three methods: EXP, OS, and BAR. The EXP and
OS calculations were performed on the ﬂy, but for the BAR
calculations, we saved the interaction energies in the form of
histograms (to avoid having to save the large number of actual
interaction energies). The histogram bin width was 0.001, and
the lower and upper bounds were −100 and 100, respectively,
for the insertion energy and negative of the deletion energy.
The iteration of eqs 5−7 was started with the μex value of the
OS method and terminated when the change in parameter C
was less than 0.001.
Errors in μex were estimated using a Python code, written by
J. Fung, R. W. Perry, and T. G. Dimiduk (https://github.com/
manoharan-lab/ﬂyvbjerg-std-err/), that implements Flyvbjerg
and Petersen’s block decorrelation technique41 and also reports
convergence of the error estimate. For a given method (e.g.,
FMAP/BAR) for calculating μex, the input to the error estimate
consisted of μex values calculated by that method on blocks of
snapshots with a given block size. For example, blocks with size
10 were composed of snapshots 1−10, 11−20, etc.
Polynomial Fitting of Excess Chemical Potentials. The
excess chemical potential as a function of number density was
ﬁt to a ﬁfth-order polynomial

virial expansion of pressure (P). The latter coeﬃcient in turn is
given by a Mayer cluster integral
B2 = −2π

∑ blρl
l=1

(12)

The full chemical potential is the sum of the excess part and the
ideal part (see eqs 1 and 2). The resulting μ−ρ relation
constitutes isotherms in the μ−ρ plane.

■

RESULTS AND DISCUSSION
Isotherms in the μ−ρ Plane. In Figure 1, we display the
values of the excess chemical potential at 15 number densities

Figure 1. Dependence of the excess chemical potential on the number
density for Lennard-Jones ﬂuids at T = 0.65. Particle insertion is either
by brute-force (Ins) or using FMAP. The excess chemical potential is
calculated using only insertion (EXP) or combinations with deletion,
either by the OS method or by the BAR method. For clarity, the
FMAP results by the three methods at a given density are slightly
shifted horizontally from each other.

for T = 0.65. The results of brute-force insertion (Ins) are
reproduced well by FMAP-enabled insertion. From here on, we
will focus on the latter results. Among the three methods of
combining insertion and deletion, as expected, the standard
errors are the lowest for BAR, intermediate for OS, and highest
for EXP. Comparing OS and EXP, it is apparent that, at high ρ
in particular, including deletion signiﬁcantly reduces the error
in μex. It also signiﬁcantly speeds up the convergence of
calculated μex. The value of μex becomes very stable after 6
million Monte Carlo simulation steps (of a total 20 million
steps; Figure S1). Similar results were obtained at ﬁve higher
temperatures.
Figure 2A displays the polynomial ﬁt of the FMAP/BAR
results for the μex dependence on ρ at T = 0.65. The data agree
with the ﬁt very closely. We also checked the value of the ﬁrstorder coeﬃcient, b1, against the theoretical value, 2B2 (with B2
given by eq 12; Table S1). The agreement between b1 and 2B2
is moderate at the lowest temperature studied, with a 20%
discrepancy. This discrepancy at lower temperatures can partly
be attributed to stronger eﬀects of interparticle interactions,
upon scaling by kBT. As a result, the higher-order terms in the
expansion of μex in terms of ρ can be important, and truncation
at the ﬁfth order can lead to deviation of b1 from 2B2. The
agreement improves at higher temperatures, with the
discrepancy decreasing to 8% at T = 0.90.

5

βμex =

∫ dr r 2[exp(−βu(r)) − 1]

(11)

which eﬀectively is a truncated virial expansion.42 (Similar
forms of ﬁtting were used by Lomakin et al.17 and Vörtler et
al.36) The ﬁrst coeﬃcient, b1, in theory is equal to twice the
more commonly known second-order coeﬃcient, B2, of the
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Figure 2. (A) Polynomial ﬁt (green curve) of the density dependence of the excess chemical potential (calculated by FMAP/BAR, shown as red
crosses) at T = 0.65. (B) The full chemical potential, after adding the ideal part. A van der Waals loop, characterized by a decrease in μ with
increasing ρ in the mid-range ρ, is present. The red horizontal line crosses the van der Waals loop with equal areas enclosed above and below. The
height of this line corresponds to the chemical potential at phase coexistence, whereas the low and high ρ values where the red line intersects the
green curve are the densities of the gas and liquid phases, respectively.

Table 1. Chemical Potential and Densities at Gas−Liquid Phase Coexistence
pseudo-GCMCa

Maxwell

a

GCTMMC

T

βμco

10ρg

ρl

βμco

10ρg

ρl

βμco

10ρg

ρl

0.65
0.70
0.75
0.80
0.85
0.90

−4.659
−4.208
−3.829
−3.511
−3.234
−2.997

0.117
0.204
0.333
0.528
0.818
1.23

0.759
0.721
0.680
0.636
0.592
0.531

−4.662
−4.210
−3.830
−3.512
−3.234
2.997

0.123
0.214
0.349
0.556
0.869
1.39

0.757
0.719
0.677
0.632
0.586
0.514

−4.655
−4.195
−3.812
−3.491
−3.218
−2.986

0.113
0.195
0.319
0.504
0.795
1.35

0.762
0.729
0.693
0.652
0.601
0.524

GCMC, grand canonical Monte Carlo.

Figure 2B shows the isotherm in the μ−ρ plane, featuring a
“van der Waals loop” (see next), after adding the ideal part.
Chemical Potential and Densities at Gas−Liquid
Coexistence. In a certain temperature range, isotherms for
Lennard-Jones ﬂuids on the PV diagram are theoretically
expected to be nonmonotonic and contain a van der Waals
loop. The pressure approaches zero at very large volumes.
When the volume ﬁrst decreases, the pressure increases, as
expected from the ideal gas law. When the volume decreases
more, such that the average interparticle distance is around σ
and the particles experience appreciable attraction toward each
other, the pressure decreases. When the volume decreases even
further, the particles start to repel each other, and ﬁnally, the
pressure increases again, ultimately to inﬁnity.
The van der Waals loop can be observed on a small system of
Lennard-Jones particles, which maintains homogeneity in
particle dispersion when the volume varies over a wide range.
However, for a macroscopic system, in the density region where
the van der Waals loop is expected, the particles separate into
two phases, one with low density (hence the gas phase) and the
other with high density (hence the liquid phase). Maxwell43
recognized that these two densities correspond to the end
points of a horizontal (i.e., constant V) line segment that
crosses (the portion of the isotherm that we now call) the van
der Waals loop in such a way as to enclose equal areas above
and below. In eﬀect, as would be required for the coexistence of
the gas and liquid phases, the diﬀerence in Gibbs free energy
(G) between the two end points of the line segment is zero,
because this diﬀerence equals the sum of the two areas (with a

positive sign for the one above and a negative sign for the one
below). The vertical height of this line segment is the pressure
at coexistence. This approach is known as the Maxwell equalarea rule.
As illustrated by Figure 2B, isotherms in the μ−ρ plane can
also contain a van der Waals loop. An analogous Maxwell equalarea rule can also be used to locate the phase coexistence
condition. On the basis of the following relation, valid at
constant temperature,
dP = ρ dμ

(13a)

we ﬁnd the diﬀerence in pressure between the end points of a
horizontal line segment crossing the van der Waals loop in the
μ−ρ plane to be
P2 − P1 =

∫loop ρ dμ

(13b)

If the height of the horizontal line segment is chosen such that
the areas enclosed above and below are equal, then the integral
on the right-hand side of eq 13b is zero and hence P2 = P1;
then, this height is the chemical potential, μco, at gas−liquid
coexistence, and the two end points correspond to the number
densities of the two phases, ρg and ρ1.
Using the foregoing Maxwell equal-area rule (Figure 2B), the
value of βμco is found to be −4.659, and the number densities
of the gas and liquid phases are 0.0117 and 0.759, respectively,
at T = 0.65. These agree very well with the corresponding
GCTMMC results,38 with βμco = −4.655, ρg = 0.0113, and ρ1 =
0.762.
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where Q(N, V, T) is the canonical partition function and Ξ(μ,
V, T) is the grand canonical partition function. Taking the
logarithm of both sides and noting ln Q(N, V, T) = −βF, where
F denotes Helmholtz free energy, we have

Phase Diagram. The chemical potentials and number
densities at phase coexistence were similarly determined for the
ﬁve higher temperatures. The results are listed in Table 1
(under the heading “Maxwell”), and the phase diagram in the
temperature-density plane is displayed in Figure 3. Overall

ln Π(N ; μ , V , T ) = −βF + βμN − ln Ξ(μ , V , T )

As in the canonical ensemble μ(N , V , T ) =

(15)

( ∂∂NF )V ,T , under

constant V and T we can express F as an integral of μ(N, V, T)
over N (or, equivalently, over ρ). Consequently
ln Π(N ; μ , V , T )
= −β

∫0

N

dN μ(N , V , T ) + βμN + ln Π(0; μ , V , T )
(16)

which constitutes our recipe for constructing the grand
canonical histogram of particle numbers and involves
integrating our canonical ensemble chemical potential over N
(the ﬁrst term on the right-hand side). The second term is a
reweighting factor that allows the histograms to be obtained for
diﬀerent chemical potentials,32 whereas the third term
corresponds to a normalization constant. We call this approach
pseudo-GCMC.
The pseudo-GCMC histograms of particle numbers at T =
0.90 are displayed in Figure 4 for two choices of μ in the second

Figure 3. Gas−liquid coexistence densities at diﬀerent subcritical
temperatures, calculated by FMAP/BAR and previous GCTMMC
results. The dotted curve is a ﬁt to the GCTMMC results for guiding
the eye.

there is very good agreement with the GCTMMC results,38
although a mild discrepancy appears at higher temperatures.
This discrepancy is not due to any insuﬃcient elimination of
the discretization error of FMAP-enabled insertion; results
calculated by brute-force insertion also show a growing, but
mild, trend of deviation from the GCTMMC results at higher
temperatures (Figure S2).
Instead, we attribute a major part of the discrepancy to
diﬀering manifestations of system size eﬀects in our calculations
based on canonical ensemble (i.e., constant NVT) simulations
and in those based on grand canonical Monte Carlo (GCMC)
(i.e., constant μVT) simulations. Recall that in our calculations
phase coexistence is identiﬁed by choosing the height of a line,
μ = μco, that intersects the isotherm in the μ−ρ plane with
equal areas enclosed, so as to ensure pressure equality between
the two phases; the two outer intersection points give the gas
and liquid number densities. In GCMC, one builds a histogram
of particle numbers at some chemical potential and reweights it
to obtain the histogram at μ = μco, which has equal populations
under the peaks representing the gas and liquid phases.1,44 This
equal-population rule is meant to ensure pressure equality
between the two phases. Furthermore, the gas and liquid
number densities are calculated as population averages in the
two phases. Below, we show that the isotherm in the μ−ρ plane
can be used to construct a grand canonical histogram of particle
numbers. In doing so, we reveal that both the enforcement of
pressure equality and the determination of gas and liquid
number densities are done in subtly diﬀerent ways under the
Maxwell equal-area rule and GCMC equal-population rule.
According to statistical mechanics, the grand canonical
histogram of particle numbers is given by
Π(N ; μ , V , T ) =

Q (N , V , T ) exp(βμN )
Ξ(μ , V , T )

Figure 4. Histograms of particle numbers constructed by the pseudoGCMC approach at T = 0.90, illustrating subtle diﬀerences between
the two methods of determining phase coexistence properties.
Application of the Maxwell equal-area rule leads to the black curve,
with equal peak heights, for the histogram and peak positions
(indicated by black vertical dashes) for the gas and liquid number
densities. Application of the GCMC equal-population rule leads to the
red curve, with equal areas under the peaks, for the histogram and
population averages (indicated by red vertical lines) for the gas and
liquid number densities.

term on the right-hand side of eq 16. One (black curve; μ =
−2.99704) follows the Maxwell equal-area rule, which results in
equal peak heights. The other (red curve; μ = −2.99747)
follows the GCMC equal-population rule, which means equal
areas under the two peaks of the histogram. Moreover, the gas
and liquid number densities determined by the Maxwell equalarea rule correspond to the two N values (indicated by black
vertical dashes) at which the peaks occur, whereas these
densities determined by the GCMC equal-population rule
correspond to the population averages (indicated by red

(14)
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Table 2. Computational Costs of Three Approaches to Phase Equilibrium Calculations
computational cost (1010 pair interactions)
a

GCTMMC
Ins/BARb
FMAP/BARb

number of systems

total number of steps (106)

move

insertion

deletion

total

400
30
30

8000
600
600

128
27.9
27.9

47.9
369
5.4

47.9
7.2
7.2

223
404
40.5

a

Simulations spanned a range of N from 1 to 400, with 20 million steps at each N.38 Each step was one of three choices: move, insertion, or deletion,
with probabilities of 0.4, 0.3, and 0.3, respectively. bParallel simulations were run for N-particle and (N + 1)-particle systems for 15 N values ranging
from 30 to 450 (at an increment of 30). For each system, 20 million steps were simulated. At intervals of 10 000 steps, 512 000 insertions (or the
equivalent amount by FMAP) and 10 000 deletions were made.

to the computational cost of the GCMC approach. The
expectation is borne out by the cost for a typical GCTMMC
setup,38 with a total of 2.23 × 1012 pair interaction calculations
required per temperature (Table 2). By comparison, our
approach, with insertion accelerated by FMAP, incurs only 18%
of the computational cost of GCTMMC.
Importantly, the gain in computational speed aﬀorded by
FMAP in treating insertion increases dramatically as the
particles become more complex.29,30 This is because the cost
of FMAP calculations, with the particles mapped to a grid,
remains the same when the level of details in representing the
particles is increased. That is, whether the particles are
represented by a single atom, as for Lennard-Jones ﬂuids, or
thousands of atoms, as for protein molecules, FMAP costs the
same. This feature is manifested in a small way by the
aforementioned constancy in the cost of FMAP-enabled
insertion for all system sizes. Previously, we have demonstrated
that FMAP can produce over 4 orders of magnitude in speed
up over brute-force insertion for atomistically represented
proteins.29 We anticipate that FMAP will reduce the computational cost of particle insertion to a feasible range, even for
atomistically represented proteins, in phase equilibrium
calculations (see below).
Tolerance of Imperfection in Conﬁgurational Population. As noted above and shown in Table 2, with FAMP
substantially cutting the computational cost of insertions,
conﬁgurational sampling by Monte Carlo moves becomes the
computationally most expensive item. We anticipate that this
situation will also hold true in studies to calculate phase
diagrams of atomistically represented protein solutions (see
below). Conﬁgurational sampling of such systems has been
done by Brownian dynamics simulations,27,28 but full coverage
of the conﬁgurational space may require cruder treatments, for
example, to break up transient clusters. The resulting
conﬁgurations may cover the conﬁgurational space fully but
with an inexact population. Below, we report some preliminary
results on how an inexact conﬁgurational population impacts
the phase diagram for the systems studied here.
To mimic fast sampling that results in full coverage of the
conﬁgurational space but with an inexact population, we ran
Monte Carlo simulations to generate conﬁgurations at T = 1.0,
which is above the reported critical temperature of 0.937.40 We
used these same conﬁgurations for insertion and deletion for all
six subcritical temperatures to calculate excess chemical
potentials and the whole phase diagram. Speciﬁcally, the
interaction energies for insertion and deletion were calculated
once and stored as histograms. Diﬀerent β values for the
corresponding temperatures were then used in eqs 3−5 to
obtain μex according to the EXP, OS, and BAR methods,
respectively. We note in passing that the particular imperfection
studied here in conﬁgurational population can in theory be

vertical lines). For a macroscopic system, the two peaks of the
histogram are inﬁnitely sharp and symmetric so that the phase
coexistence results determined by these two methods would be
indistinguishable. However, for the ﬁnite-size systems studied
here, the peaks become broad and asymmetric at high
temperatures, giving rise to mild diﬀerences in the phase
coexistence properties determined by the two methods. The
pseudo-GCMC results are also listed in Table 1. Overall, the
mild discrepancy arising from ﬁnite-size eﬀects (and other
factors) notwithstanding, the good agreement with the
GCTMMC results provides strong validation of our FMAPbased approach to phase equilibrium calculations.
One may suggest further repressing the mild ﬁnite-size eﬀects
observed here by increasing the system size. Unfortunately, as
the system size increases, the van der Waals loop becomes less
prominent.2 Hence, there is a limit to how much the system
size can be increased. Similarly, the histograms of particle
numbers become harder to converge in GCMC simulations
when the system size is increased.
Gain in Computational Speed. To simplify the
comparison of computational costs, we use the calculation of
a pair interaction as the cost unit. Monte Carlo simulation
moves, brute-force insertion, and deletion can all be measured
in this unit. However, FMAP-enabled insertion does not
involve directly calculating pair interactions. Whereas the cost
of brute-force insertion increases in proportion to the number
of particles in the system, the cost of FMAP-enabled insertion
remains the same for all system sizes. FMAP-enabled insertion
into each of the 2000 selected conﬁgurations produces
interaction energies at 512 000 positions (i.e., equivalent to
that many brute-force insertions), but the cost is equivalent to
just 10 000 brute-force insertions into a system with 180
particles. Hence, there is a 51.2-fold gain in speed over that of
brute-force insertion for that system size, and the gain further
increases as the system size increases.
We list in Table 2 the costs of calculating the phase
equilibrium at a single temperature by three methods. With
brute-force insertion, the total cost is equivalent to 4.04 × 1012
pair interaction calculations, of which the bulk, that is, 3.69 ×
1012 pair interaction calculations, is due to the insertion part.
With FMAP, this cost item is reduced by 68.3-fold, whereas the
other two cost items, deletion and Monte Carlo move, remain
the same, and the latter item now rises to be the major
contributor to computational cost. The eﬀect of FMAP is to
reduce the total computational cost by 10-fold.
As explained above, our approach to phase equilibrium
calculation, i.e., applying the Maxwell equal-area rule on
canonical simulations, is, in practice, very similar to the
common GCMC approach based on the equal-population rule.
In this connection, we expect that the computational cost of
our approach, when brute-force insertion is used, is comparable
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Figure 5. Impact of an inexact conﬁgurational population on excess chemical potential and the phase diagram. Conﬁgurations from simulations at T
= 1.0 were used for calculations at all subcritical temperatures, except for the benchmarks. (A) Density dependence of the excess chemical potential
at T = 0.65. The Ins/BAR result is the same as that in Figure 1 and is used here as a benchmark. (B) Gas−liquid coexistence densities calculated by
FMAP/EXP. The GCTMMC results are the same as those in Figure 3 and are used here as a benchmark.

Figure 6. Comparison of our calculated liquid−liquid coexistence curve for γII-crystallin with the experimental result (ref 46). In the calculation, γIIcrystallin molecules are represented at the all-atom level, and their interactions are modeled by Lennard-Jones potentials and Debye−Hückel
potentials. Snapshots of protein conﬁgurations at 123 and 307 mg/mL in an 81 Å slice are shown to the left and right, respectively.

of the γII-crystallin solution. The phase diagram of this system
has been determined experimentally46 and has been the subject
of computational and theoretical studies using a spherical
representation of protein molecules.17,21 Here, we represented
γII-crystallin at the all-atom level. The protein structure was
from Protein Data Bank entry 1AMM,47 with hydrogens added
and AMBER charges assigned using the PDB2PQR sever48
(protonation states according to PROPKA49 for pH 7). Our
potential function, as described in previous work,30 consisted of
Lennard-Jones potentials for modeling steric, van der Waals,
and hydrophobic interactions and Debye−Hückel potentials for
modeling electrostatic interactions between protein molecules
(at ionic strength 0.24 M). The energy parameters were the
same as those in the previous work, except that the overall
scaling factor of the Lennard-Jones potentials was slightly
adjusted (to 0.156) and the overall scaling factor of the Debye−
Hückel potentials was dependent on protein concentration ρ
(increasing by 2-fold as ρ increased from zero to inﬁnity), to
model the decrease in the dielectric constant of the solution
with increasing ρ.50,51

corrected by properly reweighting the conﬁgurations.17,45 This
correction was not pursued here because our goal was to
examine the impact of the imperfect conﬁgurational population.
As Figure 5A shows, the EXP method, involving only particle
insertion, is the best at tolerating imperfection in conﬁgurational population, followed by BAR and then OS. The deletion
contribution to μex is dominated by deletions of particles that
form strong favorable interactions with neighboring particles;
such conﬁgurations are undersampled in the high-temperature
simulations, leading to underestimation of the magnitude of μex.
These erroneously calculated deletion contributions are heavily
weighted in OS but are tempered in BAR. Thus, we conclude
that in cases in which the conﬁgurational population is inexact
EXP should be the preferred method for calculating μex. Figure
5B shows that the phase diagram determined by FMAP/EXP
using the conﬁgurations from the high-temperature simulations
agree reasonable well with the GCTMMC benchmark.
Liquid−Liquid Coexistence Curve of γII-Crystallin
Represented at the All-Atom Level. We applied the
preceding idea of using FMAP/EXP on one set of
conﬁgurations to calculate the liquid−liquid coexistence curve
8171

DOI: 10.1021/acs.jpcb.6b01607
J. Phys. Chem. B 2016, 120, 8164−8174

Article

The Journal of Physical Chemistry B
To ﬁnesse the diﬃculty in conﬁgurational sampling, we used
the 2000 conﬁgurations collected for Lennard-Jones ﬂuids at T
= 1.0 and a given ρ as the basis for generating protein
conﬁgurations in a γII-crystallin solution. Each Lennard-Jones
was replaced by a protein molecule with a random orientation;
the side length of the simulation box was equated to 324 Å,
such that 450 molecules in the box translated to a
concentration of 461 mg/mL. For FMAP calculations, the
simulation box was discretized at a grid spacing of 0.6 Å,
resulting in 1.57 × 108 voxels. The FMAP/EXP calculations for
2000 protein conﬁgurations took approximately 7 h on 16 cores
of two Intel Xeon E5-2650 2.6 GHz CPUs. FMAP-enabled
insertion was repeated 10 times, each with a diﬀerent
orientation for the test protein; the histograms of interaction
energies from the 10 repeats were merged. For a series of
temperatures, μex was calculated from these histograms, and its
dependence on ρ was ﬁt to eq 11, and the liquid−liquid
coexistence densities were determined according to the
Maxwell equal-area rule.
In Figure 6, we compare the calculated liquid−liquid
coexistence curve with the experimental result. The calculation
shows good agreement with the experiment for the lowconcentration branch but underestimates the protein concentrations of the upper branch. The potential function used here
has not been carefully parameterized for modeling interprotein
interactions in protein solutions. So, it is possible that ﬁnetuning the parameters may lead to broadening of the liquid−
liquid coexistence curve. However, our preliminary study
suggests another likely source for the insuﬃcient broadness.
The underestimation of protein concentrations in the upper
branch apparently can be traced to a rapid rise in the
contribution of the steric part of the potential function to μex.
Our preliminary explicit-solvent molecular dynamics simulations of concentrated protein solutions show that protein
molecules tend to form clusters. Cluster formation would result
in more free space than that in a more uniform distribution of
protein molecules, such as those generated on the basis of
conﬁgurations of Lennard-Jones ﬂuids, and thereby slows down
the rise in the contribution of the steric part of the potential
function to μex at high protein concentrations.
As a possible extension of the idea of using simulations at
one temperature to calculate phase coexistence properties at
other temperatures, simulations for one protein system may be
used, after homology modeling, for calculations on mutants or
homologous proteins. In particular, homologous proteins can
have very diﬀerent critical temperatures for liquid−liquid phase
separation. Such examples include antibodies52 and γcystalins.46,53 Although some of the diﬀerences in phase
behaviors can be qualitatively rationalized by diﬀerences in
protein surface properties,53 it will be interesting to
quantitatively analyze these potential correlates by methods
and ideas presented in this study.

conﬁgurational sampling. We have also explored ideas to
maximize the use of conﬁguration samples, for example, for
calculating phase-coexistence properties at multiple temperatures, and presented the ﬁrst results for the liquid−liquid
coexistence curve of γII-crystallin represented at the all-atom
level. It now appears that the door to accurate modeling of
liquid−liquid phase separation for protein−protein and
protein−RNA mixtures is opening.
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A.; Hoege, C.; Gharakhani, J.; Jülicher, F.; Hyman, A. A.; Germline, P.
Granules Are Liquid Droplets That Localize by Controlled
Dissolution/Condensation. Science 2009, 324, 1729−1732.
(5) Brangwynne, C. P.; Mitchison, T. J.; Hyman, A. A. Active LiquidLike Behavior of Nucleoli Determines Their Size and Shape in
Xenopus Laevis Oocytes. Proc. Natl. Acad. Sci. U.S.A. 2011, 108,
4334−4339.
(6) Hyman, A. A.; Weber, C. A.; Jülicher, F. Liquid-Liquid Phase
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(36) Vörtler, H. L.; Schäfer, K.; Smith, W. R. Simulation of Chemical
Potentials and Phase Equilibria in Two- and Three-Dimensional
Square-Well Fluids: Finite Size Effects. J. Phys. Chem. B 2008, 112,
4656−4661.
(37) Hong, Q.-J.; van de Walle, A. Direct First-Principles Chemical
Potential Calculations of Liquids. J. Chem. Phys. 2012, 137,
No. 094114.
(38) Shen, V. K.; Siderius, D. W.; Krekelberg, W. P. NIST Standard
Reference Simulation Website, NIST Standard Reference Database
Number 173. http://www.nist.gov/mml/csd/informatics_research/
sat_tmmc_2d5.cfm (accessed Nov 24, 2015).
(39) McMillan, W. G.; Mayer, J. E. The Statistical Thermodynamics
of Multicomponent Systems. J. Chem. Phys. 1945, 13, 276−305.
(40) Errington, J. R.; Debenedetti, P. G.; Torquato, S. Quantification
of Order in the Lennard-Jones System. J. Chem. Phys. 2003, 118,
2256−2263.
(41) Flyvbjerg, H.; Petersen, H. G. Error Estimates on Averages of
Correlated Data. J. Chem. Phys. 1989, 91, 461−466.
(42) Hill, T. L. An Introduction to Statistical Thermodynamics; Dover
Publications, Inc.: New York, 1986.
(43) Clerk-Maxwell, J. Xxii.On the Dynamical Evidence of the
Molecular Constitution of Bodies. J. Chem. Soc. 1875, 28, 493−508.
(44) Binder, K.; Landau, D. P. Finite-Size Scaling at First-Order
Phase Transitions. Phys. Rev. B 1984, 30, 1477−1485.
(45) Ferrenberg, A. M.; Landau, D. P.; Swendsen, R. H. Statistical
Errors in Histogram Reweighting. Phys. Rev. E 1995, 51, 5092−5100.
(46) Broide, M. L.; Berland, C. R.; Pande, J.; Ogun, O. O.; Benedek,
G. B. Binary-Liquid Phase Separation of Lens Protein Solutions. Proc.
Natl. Acad. Sci. U.S.A. 1991, 88, 5660−5664.
(47) Kumaraswamy, V. S.; Lindley, P. F.; Slingsby, C.; Glover, I. D.
An Eye Lens Protein−Water Structure: 1.2 Å Resolution Structure of
γB-Crystallin at 150 K. Acta Crystallogr., Sect. D: Biol. Crystallogr. 1996,
52, 611−622.
(48) Dolinsky, T. J.; Nielsen, J. E.; McCammon, J. A.; Baker, N. A.
PBD2PQR: An Automated Pipeline for the Setup of PoissonBoltzmann Electrostatics Calculations. Nucleic Acids Res. 2004, 32,
W665−W667.
(49) Olsson, M. H.; Sondergaard, C. R.; Rostkowski, M.; Jensen, J. H.
PROPKA3: Consistent Treatment of Internal and Surface Residues in
Empirical pKa Predictions. J. Chem. Theory Comput. 2011, 7, 525−537.
(50) Tjong, H.; Zhou, H. X. Prediction of Protein Solubility from
Calculation of Transfer Free Energy. Biophys. J. 2008, 95, 2601−2609.
(51) Predeus, A. V.; Gul, S.; Gopal, S. M.; Feig, M. Conformational
Sampling of Peptides in the Presence of Protein Crowders from AA/
CG-Multiscale Simulations. J. Phys. Chem. B 2012, 116, 8610−8620.
(52) Wang, Y.; Lomakin, A.; Latypov, R. F.; Laubach, J. P.;
Hideshima, T.; Richardson, P. G.; Munshi, N. C.; Anderson, K. C.;
8173

DOI: 10.1021/acs.jpcb.6b01607
J. Phys. Chem. B 2016, 120, 8164−8174

Article

The Journal of Physical Chemistry B
Benedek, G. B. Phase Transitions in Human Igg Solutions. J. Chem.
Phys. 2013, 139, 121904.
(53) Norledge, B. V.; Hay, R. E.; Bateman, O. A.; Slingsby, C.;
Driessen, H. P. Towards a Molecular Understanding of Phase
Separation in the Lens: A Comparison of the X-Ray Structures of
Two High Tc γ-Crystallins, γE and γF, with Two Low Tc γ-Crystallins,
γB and γD. Exp. Eye Res. 1997, 65, 609−630.
(54) Towns, J.; Cockerill, T.; Dahan, M.; Foster, I. T.; Gaither, K. P.;
Grimshaw, A. S.; Hazlewood, V.; Lathrop, S.; Lifka, D.; Peterson, G.
D.; et al. XSEDE: Accelerating Scientific Discovery. Comput. Sci. Eng.
2014, 16, 62−74.

8174

DOI: 10.1021/acs.jpcb.6b01607
J. Phys. Chem. B 2016, 120, 8164−8174

